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This work describes an improved semi-empirical Hiiekel-method for the study of physico- 
chemical properties of aromatic systems. Coherent heteroatomic coulomb- and exchange para- 
meters are calculated according to ]~IcW~.En~:'s theory [30]. The variation of the exchange 
integrals fl~ with bond length is introduced in the calculations by means of an iterative "self- 
consistent fl"-procedure. A new iteration function for the aromatic C = C link and a general 
method to obtain similar relations for several heteroatomic bonds are described. A simple 
computer program calculating various molecular properties is presented. 

Eine Hiickelmethode fiir aromatische Systeme mit Heteroatomen wird besehrieben, wobei 
die Heteroparamcter naeh ~/IeW~.N:r [30] berechnet werden. Eine neue selbstkonsistent~ 
fl-iKethode wird angegeben. Ein entsprechendes Programm zur Bereehnung verschiedener 
MolekiilgrS~en ist bei den Autoren erh~ltlich. 

Ce travail d6crit une m6thode LCAO semi-empirique am61ior6e dans l'approximation de 
ttiickel. Les param~tres h6t6roatomiques (int6grales coulombiennes et d'6change) sont d6ter- 
min6s de fa~on coh6rente par la th6orie de ]~IcWEENY [30]. La variation des int6grales d'6ehange 
fl~ avecla longueur des liaisons est introduite clans les caleuls ~ l'aide d'une m~thode it~rative. 
Une nouvelle fonction d'it6ration est d6crite pour le lien C = C aromatique et une m6thode 
g~n6rale d'obtention de fonctions similaires pour diverses liaisons h6t6roatomiques est donn6e. 
Un programme pour caleula~rice 61ectronique permettant l'obtention de diverses propri6t6s 
mol6culaires est d6crit. 

I. Introduction 

Since the earliest quantum-mechanica l  calculations, it rapidly became apparent  
t h a t  aromat ic  systems const i tuted a very  interesting field for the application of  
theoretical  considerations. The possibility of  t reat ing the ~-electrons independent ly  
o f  a a-electron f ramework considerably simplified the computa t ional  work in- 
volved. 

The best known and  most  widely used amongst  the  proposed quan tum-  
mechanical  t rea tments  is the LCAO-method  in various approximations.  The 
simplest of  these, the  Hiiekel- theory [23, 39], has been applied with success to the  
interpreta t ion and unders tanding of  various physico-chemieal properties o f  conju- 
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gated molecules [9, 42, 48]. With the recent development of large electronic 
computers, this method has provided a most powerful tool to the organic chemist 
for discussing properties and reactivities of large unsaturated molecules commonly 
encountered in his field. The ttiiekel-method however sufers some limitations 
when applied to heterocyclic or substituted aromatic systems, due to the use of 
empirical coulomb- and exchange parameters charaeterising the heteroatom 
introduced. 

The aim of this paper is to present an improvement on the original Hfickel- 
method and to describe a computer program for the calculation of various proper- 
ties of aromatic systems. 

II. Parameters 

The heteroatom introduced in a conjugated molecule may be characterised by 
the number of ~-electrons it contributes to the ~-system of the molecule and by 
the etectronegativity of its 2pz(~)-orbital. Theoretically, the problem consists in 
determining the values of the coulomb integral cox characterising the heteroatom 
X and of the resonance integral flex representing the C-X bond. According to 
PAVLI~G and WHV, LA_~D [39], this is done very conveniently by putting: 

~ x  = ~ c  + h x ' f l c c ,  ( l a )  
and 

flex =/~cx'ficc' ,  (lb) 

where ~c and flcc, are, respectivily, the carbon coulomb integral and the carbon- 
carbon exchange integral between nearest neighbours in the benzene molecule; 
hx and/Ccx are called coulomb- and exchange parameters. 

Diagonal elements H~i of the hamiltonian matrix and Hiickel-coulomb para- 
meters h~ are calculated, according to I~cW~,E~ [30], by the formulas: 

H ~  = - W~ + � 8 9  (2) 

H,~ - Hcc 
ht = f l c c , -  w Jcc' ' (3) 

where W~ is the ionisation potential of the 21% orbital of atom i when only one 
electron is contributed to the ~-electron system, or of its positive ion 
(with complete a-configuration) if atom i contributs two electrons to 
the ~-system*, in the appropriate valence-state; 

Z~ the number of electrons contributed by atom i to the z-electron 
system; 

Jl~ the monocentric coulomb repulsion integral [41]; 
/~cc" Pariser and Parr's empirical value for the benzene exchange-integral 

(~cc' = - -  2.39 eV) [38]; 
Jcc" the two-center coulomb repulsion integral for nearest neighbours in 

the benzene molecule (Jcc' = Jr 8.872 eV) [18]; 
Hcc the diagonal element of the hamiltonian matrix for the benzenic 

carbon atom, calculated according to formula (2). 
In our calculations, the J~t's were set equal to the difference of ionisation potential 
and electron-affinity (E~) of the ~-orbital of atom i (or its positive ion) [8] ; both 

* For oxygen and nitrogen atoms in "methoxy". and "amino"-groups respectively, if one 
assumes a trigonal hybridization, the adequate atomic configurations of the ions are 0 $ 
( tr  ~ tr  1 t r  i ~i) and l~  e ( t r  1 tr  1 tr  i ~i). 

6* 
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values were taken f rom HmzE and JAFPE'S tables [2i, 22]. Following STRmT- 
WIES~'S suggestion [49], an "inductive" coulomb parameter  was taken into 
account for the carbon a tom adjacent to the heteroatom X:  

he(x)  = O . l . h x .  (4) 

Hfickel-exchange parameters  were calculated using a modified WOLFSB]~RG- 
H~L~OLZ approximation [34, 52]: 

H ,  + H~s &d(i + S~) 
kv- = 0 .5 .  He----V-- ~oo'/0 +~oo') ' (5) 

where Sit is the overlap integral for the ~-orbitals on atoms i and ], Scc '  being the 
carbon-carbon 2p~ overlap-integral for nearest neighbours in the benzene mole- 
cule, both being calculated according to ]~VLLnr~'s tables [35]. The difficulty 
in the calculation now appears when it is realised tha t  the overlap integral Stj is a 
function of the bond length 1~if and tha t  molecular geometry is often unknown for 
the compounds studied. However, appropriate values of ki i may  be obtained by  
assuming the following bond lengths [43]: 

Rc=c: t.40 A ; R c - o  : 1.34 ~ ; R c - ~ :  t.39 A [24] ;* 
Rc~c : i.20 A ; Rc=o : 1.23/~ [8] ; Rc=~: 1.35 A [19] ; 

Rc=~: 1.15 A .  

Tab. I summarises the I-IMO-parameters thus obtained; the nitro-group, 
whose parameters  could not be calculated by  the method outlined above (owing 
to strong a-polarisation), and halogens, where d-orbital conjugation is to be 
included, are not  t reated in this work. 

Table i. Non.empirical parameters ]or HMO-ealculations 

Element Coulomb Parameter Resonance Parameter 

Carbon hc = 0 kc=c = l 
kc-=c = 1.28 

:Nitrogen h~ = 0.44 kc--_~ = 1.06 
h~ ~ iA9 kc~--N = L42 

kc_i~ ~ t.29 

Oxygen h 5 = 0.84 kc=o = t.23 
hi~ = t.8~1 kv_ ~ = t.36 

III .  I t era t ive  P r o c e d u r e  

In  order to introduce the variation of the exchange integral /9~j with bond 
length in the calculations, several authors have used an iterative procedure based 
on a function of the type [2, 5, 18, 25, 27, 36, 37] : 

~j(N) =/(p~(N- i ) ) ,  (6) 
where fl~j(N) is the non-diagonM/]-element of the secular determinant at  iteration 
N, and pit(N -- l) the bond order between atoms i and ?" obtained after iteration 
N - l .  

* Evaluated in comparison with the rc--~ distance. 
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This relation which, in principle, should be different for each kind of bond 
(e.g. C--C, C = 0, C = N ,  ere . . . .  ), can be constructed from the combination of 
two other, independent, relations: 

fl~j =/~(r~j) (7) 
and 

nj = I~.(P~J), (8) 

which describe, respectivily, the variation of exchange integral with bond length 
and the dependence of bond-length on bond-order. The calculations may then be 
made self-consistent by  the iterative use of Eq. (6). 

Unfortunately, this "self-consistent fl"-prooedure has been very rarely applied 
to the study of the electronic structure of heteroatomio systems, and in many 
cases the same iteration function was used for any kind of bond [12]. We here 
wish to report a new iteration function for the aromatic C = C link and a general 
method to obtain similar relations for several heteroatomio bonds. 

A. The Dependence o/the Exchange Integrals on Bond Lengths 
Combination of Eqs. (ib) and (5) of the preceeding section enables us to 

account for the variation of the exchange integral fltj with distance ril, by  the 
intervention of the overlap integrals SI1; the influence of the nature of the atoms 
forming the bond is represented by  the quantities Hie and Hjj, which depend on 
the ionisation potentials and electron-affinities of the ~-orbitals of these atoms. 

The relations fl~l =':'/(rit) so obtained, are straight lines within the limits of the 
bond lengths of chemical interest: 

fl~l = fi~ + 01j'r~l. (9) 

Fig. i shows these functions calculated for the acetylenic C ~ C, the aromatic C = C 
and the carbonyl C = 0 bonds. Tab. 2 summarises the values of the slopes 011 and 
intercepts fl~j determined by the method of least squares for some bonds commonly 
encountered in the field of aromatic derivatives. 

A similar function has been used recently [13] in the LCAO-theory describing 
the variation of the integrated intensity of the VC~N vibration with molecular 
structure for a series of polycyclic aromatic nitriles. 
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Table 2. Characteristics o/ the straigh~ lines describing the 
dependence el exchange integrals on bond lengths 

(slope: 0,a; intercept: rio) 

Bond fl0j 0,j Limits of use (A) 

C = O 2.7898 -1.2797 1.30 - 1.55 
C~C 3.0860 -i.5029 Li0  - i.35 
C - ~  4A380 -2.0475 i.32 - L47 
C = N  3.2133 -t.5952 t.32 - ~.47 
C ~ N  3.4531 -t.7741 t . i0 - 1.35 
C - 0 4.3699 -2.2415 i.30 - t.50 
C = 0 3.6819 -t.9904 1.20 - t.34 

B. The Dependence el Bond Length on Bond Order 

Although various empirical relations have been pu t  forward by  several authors  
[2, 5, 10, 18, 25, 27, 37] in the case of  the aromat ic  C = C  bond, no systematic  
theory  has been described to  obtain similar semi-emplrical relations for hetero- 
nuclear bonds. 

a) Aromatic C = C bond: 

Our aim being the  s tudy  of  aromat ic  compounds,  the bond length/bond-order  
relationship has been calculated using the well-known Lv.)ll~Am)-Jo~l~s theory  
[7, 26], with benzene as the  reference molecule. This choice has the advantage  of  
int roducing only a small approximat ion  by  neglecting the anharmonic  terms 
(order higher t han  two) in the  development  of  the  potent ial  energy with respect to  
the  bond length [see e.g. Eq.  (10)]. Le t  us consider a benzene molecule with a bond 
length equal to  r;  ff we ignore interactions between different bonds and changes in 
energy due to angular  distortions, then  the  energy EB(r) of each of  these bonds is 
given b y :  

EB(r) = E ~ + l " ~ ' ( r  -- i.397) ~ , (i0) 

where E ~  is the energy of  a normal  benzenic carbon-carbon bond with a length of  
i .397/~ [47], and ~ the force constant  of  such a bond. I f  we now consider a a-bond 
of  length r between sp~-hybridised carbon atoms, then  its energy Es(r) m a y  be 
wri t ten as : 

Es(r) = E~ + �89 -- s) ~ , ( i i )  

where s is the  "na tu ra l "  length of  t h a t  bond, ~ the  force constant  and E~ the energy 
of  the Cs~ , -  Cs~2 a-bond of  length a. 

Thus, the 7~-energy of  a part ial ly double bond of  length r is, to  a first approxima- 
t ion:  

E,(~) = E ~  --  E~ + � 8 9  - -  i .397)~ - -  � 8 9  - -  8)~, (12) 

so t h a t  the  total  g-energy  of  our fictitious benzene molecule m a y  be wri t ten as: 

E~ total = 6 (E~ -- E~) + 3 .~ . ( r  -- 1.397) ~ - 3 -e . ( r  - s) 2 . (13) 

However,  according to  simple Hfickel-LCA0 theory,  

En total ---- 6 ~c  + 8.flcc,(r) , (t4) 
and we easily obta in :  

~cc ' ( r )  ~ o _  = ~ ( E ~  z ~  ~ - ~c )  + ~ "0-(r - t .a97)~ - ~ -~. (r ~)~. (15) 
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The total  potential energy of a benzene molecule of bond length r as compared 
to the same molecule but  with bond lengths equal to single Cs~*-Cs~ a-bonds, 
may  be written as: 

F = V + E ,  (t6) 

where E is the total  energy of the g-electrons and V the energy of compression of 
the a-bonds; according to LE~c~I)-ffo~c~s : 

V = Z �89 - s) 2 . (17) 
# 

But  in the equilibrium state of the molecule, 

0 r  ~V 0E 0fl,~ = 0, (i8) 

so that ,  introducing (15) and (17) into the above equation and remembering tha t  
0E 
~fl~ =2  .p~, we have:  

2 r ~.(r~ t - s) + [~ '~ ' ( r l l  -- 1.397) -- z .8 . (  ~1 -- s)J.2pij = 0 .  (19) 

Experimental  values of e, ~ and s are: e = 5.6- l0 -~ dynes/cm [5i] ; ~ = 7.6. l0  -~ 
dynes/cm [28] and s -- 1.5i7 A Il l  ; substituting these values in (19), the final rela- 
tion between bond-order and bond-length is: 

8.495 + 3A83. p~j 
r~j = 5.6 + 3.0- p~ (20) 

b )  H e r e t o - a t o m i c  b o n d s :  

The bond-length/bond-order relations for hetero-atomie "double" bonds are 
obtained by  COVLSO~ and LO~GUET-HmG~CS' theory [7]; the general equation 
may  be written as: 

8 . s + polp~j " (el. r -  s . s) 
r , j  = e + p, , Ip~"  (~ ' -  e) ' (21) 

where s, d and e, ~ are the bond lengths and force constants of the pure single and 
double bonds respectivily, and T~i the ~r-bond-order of the pure double bond i]; 
its value was obtained by  solving the secular equations for a diatomic molecule of 
pure double bond length, using the appropriate coulomb and inductive parameters. 

In  the case of the C - - 0  (e.g. methoxy group) and C - - N  (e.g. amino group)- 
bonds, the same values for the single and double bond lengths as for the eorres. 
pending C = 0 and C = N bonds were assumed. The force constants Y, however, 
and the values of p ~  i are those calculated for the molecules 

and 

where max imum "delocalisation" of the ~-lone pair of the heteroatom may  be 
suspected, and treating them formally as a carbonyl- and iminogroup respectivily*. 

Eq. (21) may  also be used as the iteration function for a triple bond (e.g. C - N, 
C - C), but  by  assuming that ,  as a result of conjugation, the observed bond length 
and force constant will be intermediate between those of a pure double and a pure 
triple bond. In  this case, P~i i s  the "pure"  bond order of the ~-orbitais conjugating 

* sp~-hybridisation of $he oxygen and nitrogen atoms in these molecules is assumed. 
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with the rest  of the aromatic par t  of the molecule, variations of bond order of the 
perpendicular 7r'-system being neglected. 

The experimental  parameters  used in this work are give in Tab. 3, and ]~ig. 2 
shows some typical curves calculated according to Eq. (2t). 

Table 3 *. Experimental values o] single (s), double (d) and tr@le (t) bond lengths, corresponding 
[orce constants (e, 7 and ~ respectively) and re/erenee mobile z-bond order (poj), /or various kinds 

o! bonds 

Bond ii ~ . 1 o ~  ~ , -Io~ s(s d(s p,~j 
dynes/era dynes/cm 

C=N (aza-aromatic) 5.25 [51] t0.5 [51] 1.44 [8] ~.28 [8] 0.9861 
C=O (carbonyl) 5.0 [51] 10.7 [5t] 1.40 [8] t.22 [8] 0.9574 

Bond ff v . t0  -~ ~.1o -~ d(A) t(A) p,'~ 
dynes]era dynes]era 

C--C (aeethylenic) 9.560 [46]  t5.799 [ti] t.309 [46] t.205 [3] t.000 
C=N (nitrile) t0.5 [51] t8.69 [33] t.25 [8] 1.154 [33] 0.9902 

* Where necessary, a shortening of experimental bond lengths of 0.03/~ by sp or sp a 
hybridisation was taken into account [t9, 40]. 

C. Construction el the Iteration Function 

The final iteration functions for different kinds of bonds can now be con- 
structed by  substituting in Eq. (9) r~j b y  the appropriate function describing the 
dependence of bondlength on bond order, e.g. Eqs. (20) or (21). The relations so 
obtained have the general form: 

a + b. [p~(lV- 1)] (22) 
fl~(~) = c + d .  [p,~(N- 1)]" 

The values of the coefficients a, b, c and d for the more commonly encountered 
bonds are given in Tab. 4. 

Some iteration functions so obtained are shown in Fig. 3. Obviously, the use 
of a single ~teration function for all the bonds present in a heteroatomie molecule 
is a rather  crude approximation. Recently, KovTwcxY [25] has shown tha t  it is 
essential to take into account the molecular geometry by  the introduction of a 
fi = / ( p )  function in order to understand the physieo-ehemical properties of aroma- 
tic or chain hydrocarbons;  i t  is therefore believed tha t  the use of the proper 

Table 4. Iteration pard/meters [or several kinds o] bonds [see Eq. (22)] 

Bond a b c d 

C = C (aromatic) 4.75i8 4.2961 5.6 3.0 
C - C  (acetylenic) t0.6949 9.4489 9.56 6.239 
0 - ~  (amino) 6.2454 9.8470 5.25 5.2888 
C=I~ (aza-aromatie) 4 .8101  7.5956 5.25 5.324 
C--N (nitrile) 12.9725 13.433 10.5 8.271 
C -  0 (methoxy) 6.159 11.869 5.0 5.8856 
C = O (carbonyl) 4.477 9.337 5.0 5.954 
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Fig. 2. The dependence of bond length on bond order 

Fig. 3. Calculated iteration functions for some kinds of bonds 

i teration functions for subst i tuted derivatives will give a bet ter  description of  the  
s tructure and behaviour  of  these compounds.  

The i teration funct ion here obtained has been successfully used in the calcula- 
t ion of  the proton chemical shifts in a series of  polycyclic aromatic  hydrocarbons  
[14] and various physico-chemical properties of  their subst i tuted derivatives:  
charge transfer  spectra o f  nitrfles, aldehydes and ethyl  esters with TCNE [15], 
sensibility of  aldehydes to solvent effects* in infra-red spectroscopy If6] and their 
half-wave reduct ion potential  [50] in an anhydrous  medium (D~F) .  Other work is 
in progress. 

IV. Computer Program 

A Fortran IV computer program, called LCAO-BETA, based on the iterative method 
described in the previous sections has been written and compiled for an IBM 7040 16 K 
computer**. 

Computed quantities are: dipole moment, transition moment of selected UV-hands [44], 
~r-electron polarisability of the molecule [4], integrated intensity of the stretching vibration of 
a localised vibrator being part of the z-electron-system [13], stretching force constants and 
coupling constants [7], bond lengths [see Eqs. (20) and (2i)], ring-currents [32], spin densities 
for ESR-spectra [29] and finally the various theoretical polarizabilities: atom-atom, atom- 
bond and bond-bond [6]. As supplied, the program will handle molecular ~r-systems up to 
55 orbitals, which is the maximum dimension of the secular equation that can be accomodated 
in the storage available. 
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